From a handlebody-theoretic perspective, the simplest compact, contractible 4-manifolds, other than the 4-ball, are Mazur manifolds. We produce the first pairs of Mazur manifolds that are homeomorphic but not diffeomorphic. Our diffeomorphism obstruction comes from our proof that the knot Floer homology concordance invariant ν is an invariant of the smooth 4-manifold associated to a knot K ⊂ S 3 by attaching an n-framed 2-handle to B 4 along K . We also show (modulo forthcoming work of Ozsváth and Szabó) that the concordance invariants τ and are not invariants of such 4-manifolds. As a corollary to the existence of exotic Mazur manifolds, we produce integer homology 3-spheres admitting two distinct S 1 × S 2 surgeries, resolving a question from Problem 1.16 in Kirby's list [28] .
Introduction
A primary goal of 4-manifold topology is the detection of exotic smooth structures on the simplest 4-manifolds. A pair of smooth manifolds are said to be exotic if they are homeomorphic but not diffeomorphic. Freedman's exotic structures on R 4 provided the first examples of exotic contractible 4-manifolds [15] . Exotic structures on contractible 4-manifolds are elusive in part because most tractable smooth 4-manifold invariants are trivial on manifolds with vanishing second homology. Our goal in this paper is to use tools from knot theory and 3-manifold topology to detect exotic smooth structures on simple 4-manifolds.
From the perspective of handlebody theory, the simplest contractible 4-manifolds, other than B 4 , are Mazur manifolds. Introduced in [36] , a Mazur manifold is any contractible 4-manifold obtained by attaching a single 1-and 2-handle to B 4 . In [4] , Akbulut showed that one of Mazur's original examples W admits a relatively exotic smooth structure; that is, there is a self-diffeomorphism of ∂W that extends to a homeomorphism of W but not a diffeomorphism of W . In [6] , Akbulut and Ruberman produced the first examples of exotic compact, contractible 4-manifolds. However, their construction naturally yields examples with complicated handlebody structures; it remained open whether Mazur manifolds admit exotic smooth structures. Theorem 1.1 There exist infinitely many pairs of exotic Mazur manifolds.
Our exotic Mazur manifolds also resolve a question about Dehn surgery. Gabai [16] famously proved that the only knot in S 3 admitting an S 1 ×S 2 surgery is the unknot, proving Property We remark that we are not aware of any instances realizing the exception in the theorem. In fact, we show in Proposition 4.4 that for all pairs of knots K, K in the literature with X n (K) ∼ = X n (K ), regardless of n or values of ν , we have ν(K) = ν(K ).
The relative computability of ν makes it an especially effective trace invariant. In the proof of Theorem 1.1 (and indeed in all of our examples), direct calculations are made possible using three properties of ν : (1) its concordance invariance [44] ; (2) a twist inequality (Proposition 2.10); and (3) a formula of Levine [31] which determines the behavior of ν under certain satellite operations (Corollary 2.9). We use ν to detect new types of exotic knot traces, including the first pair of hyperbolic knots with exotic zero-traces (in §6. 1 
.3).
The invariant ν is closely related to the Heegaard Floer concordance invariant τ [41, 50] , and it has been asked whether τ is a zero-trace invariant, e.g. [1, Problem 12] . Assuming a forthcoming result of Ozsváth and Szabó, we show that the answer is no. In particular, Ozsváth and Szabó defined knot invariants τ , , and ν using bordered algebras [45] , and they have announced a proof (to appear in [40] ) that these invariants agree with their wellknown analogs τ , , and ν . These bordered invariants have the advantage of being highly computable; see [54] . In §4.3, we produce pairs of knots K and K with diffeomorphic zero-traces such that τ (K) = τ (K ) and (K) = (K ). This shows: Theorem 1.5 The concordance invariants τ and are not zero-trace invariants.
Previous work on exotic knot traces has relied heavily on the genus function of X n (K); recall that the n-shake genus g n sh (K) of K ⊂ S 3 is defined to be the minimal genus of a smoothly embedded surface generating the second homology of X n (K). In fact, to the authors' knowledge, all previously known examples of exotic knot traces can be distinguished via their genus functions using an adjunction inequality [3, 5, 26, 58] . In light of this interest, we point out that ν provides lower bounds on the shake genus for a range of framings. Theorem 1.6 If K is a knot in S 3 and n ∈ Z satisfies n = 0 or 2−2ν(K) < n ≤ 2ν(K)−2, then ν(K) ≤ g n sh (K).
A sharper, albeit more complicated, statement appears in Proposition 5.2. We also observe that Theorem 1.6 gives an extension of the shake-slice Bennequin inequality for Legendrian knots in S 3 , cf. Corollary 5.3.
However, we emphasize that ν can directly distinguish between exotic smooth structures on knot traces X and X even when the genus functions of X and X are unknown. We illustrate this difference in §6.1.4, where we use ν to distinguish pairs of homeomorphic knot traces that are not readily distinguished by their genus functions.
This paper is organized as follows: In §2, we construct homeomorphic Mazur manifolds and prove Theorem 1.1. In §3, we prove Corollary 1.3. In §4, we recall the relevant background on knot Floer homology and prove Theorems 1.4 and 1.5. The casual reader can consider the paper complete after §4. The remainder of the paper serves to develop some tools and examples related to our main work which may be of future use. In §5, we prove Theorem 1.6. In §6, we describe modifications of our main constructions that yield exotica with additional interesting properties: namely exotic Mazur pairs admitting Stein structures, exotic Mazur pairs whose handlebody diagrams have unknotted 2-handles, exotic Mazur pairs with hyperbolic boundary and exotic zero-traces with hyperbolic boundary, and exotic zero-traces with unknown genus functions.
For additional documentation regarding our computer calculations, see [18] .
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Exotic Mazur manifolds
We begin by constructing pairs of homeomorphic Mazur manifolds in §2.1. In §2.2, we construct associated pairs of knot traces and show that any diffeomorphism between certain homeomorphic Mazur manifolds induces a diffeomorphism between their associated traces. In §2.3, we use the trace invariance of ν (Theorem 1.4) to show that certain pairs of associated traces are not diffeomorphic, hence the underlying Mazur pairs are exotic.
Constructing homeomorphic Mazur manifolds
Our construction will rely on the satellite operation with the patterns P and Q in the solid torus S 1 × D 2 shown in Figure 2 . The pattern P is the well-known Mazur pattern, and the pattern Q was defined by Yasui [58] . In all figures, a boxed integer indicates positive full twists. For any pattern R, we define R n to be the pattern obtained by adding n positive full twists to R along a disk {pt} × D 2 ⊂ S 1 × D 2 that meets R transversely.
Remark 2.1 For all integers n, the pattern Q n is concordant in S 1 × D 2 × [0, 1] to the pattern S 1 × {pt}. This can be seen using the saddle move depicted in Figure 2 . Let Z be a smooth 4-manifold and K ⊂ ∂Z be a framed knot. We define knots P (K) and Q(K) in ∂Z by taking the satellite of K with patterns P and Q respectively, and we define 4-manifolds Z P and Z Q by attaching 2-handles to Z along P (K) and Q(K), respectively. The 2-handles are framed so that a pushoff of P (K) is homologous in V N (P ) to S 1 × {pt} ⊂ ∂V , and similarly for Q(K).
Proposition 2.2 Z P and Z Q are homeomorphic.
Remark 2.3
A similar statement and proof appears in [58] . Both arguments rely on a handle calculus trick originating in [2] and [3] .
Proof Figure 3 (a) is a schematic handle diagram representing the handle attached to Z to yield Z P , where the framing on the knot K is taken to be n, and (h) is the corresponding diagram for Z Q . The intervening sequence of diagrams shows that Z P and Z Q are related by twisting along an embedded Mazur cork. Since cork twisting amounts to cutting out and regluing a contractible submanifold, it preserves homeomorphism type by Freedman [15] .
Definition 2.4 For any knot J in V = S 1 × D 2 with winding number one, define the zero-framing of J to be unique framing curve homologous to S 1 × {pt} ⊂ S 1 × ∂D 2 . Define V 0 (J) to be the 3-manifold obtained from V by zero-framed Dehn surgery along J .
Remark 2.5
The proof of Proposition 2.2 also shows that V 0 (P ) ∼ = V 0 (Q). Indeed, we can consider Figure 3 to be a sequence of handle moves taking place in V , specializing to n = 0.
By definition, a Mazur manifold is any contractible 4-manifold built with a single 0-, 1-, and 2-handle. It is straightforward to check that a manifold with such a handle decomposition is contractible if and only if the attaching curve of the 2-handle passes algebraically once over the 1-handle. Our construction for Theorem 1.1 begins with a 2-component link L = K ∪ C in S 3 , where C is an unknot and lk(K, C) = ±1; for an example see Figure 4 . Define a pair of Mazur manifolds W L,n and W L,n by viewing C as a dotted circle and attaching an n-framed 2-handle along P n (K) and Q n (K), respectively. When n = 0 we will just denote these manifolds W L and W L . See Figure 1 for an example of W L and W L when K ∪ C is the trefoil on the phone from Figure 4 . Note that we can view K as a curve in the boundary of the S 1 × B 3 given by the (dotted) 1-handle C . Thus applying Proposition 2.2 to Z = S 1 × B 3 yields: Corollary 2.6 Any such Mazur manifolds W L,n and W L,n are homeomorphic.
Associated knot traces
For the rest of this section, W L,n and W L,n will be Mazur manifolds that arise from a link L = K ∪C using our construction in §2.1. Moreover, we will take as an additional hypothesis that the exterior of K in S 3 0 (C), denoted E , is not homeomorphic to the solid torus V = S 1 × D 2 , nor does its JSJ decomposition [24, 25] contain a component homeomorphic to V 0 (P ). For example, it suffices that the image of K in S 1 × S 2 ∼ = S 3 0 (C) is a hyperbolic knot whose complement has volume different from that of V 0 (P ).
Proof Suppose there exists a diffeomorphism Φ : W L,n → W L,n , and let φ denote the induced homeomorphism between Y = ∂W L,n and Y = ∂W L,n . Let γ ⊂ Y be the knot given by the meridian of the dotted circle in our handle description of W L,n . We can build X n (P n (K)) by attaching a 0-framed 2-handle to W L,n along γ . Then Φ extends to a diffeomorphism from X n (P n (K)) to X , where X is the manifold obtained by attaching a 2-handle to W L,n along the framed curve φ(γ), which is the framed image of the 0-framed curve γ . See Figure 5 . In the induced handlebody diagram for X , the framing on φ(γ) is some integer m ∈ Z. To prove the theorem it suffices to prove X ∼ = X n (Q n (K)).
To understand X , we study the curve φ(γ) ⊂ Y . Observe that Y decomposes as a union of E = S 3 0 (C) \N (K) and V 0 (P ) along a torus T , with Y similarly decomposing into E P n n n Φ γ φ(γ) T T Q n m 0 Figure 5 : Schematic handle diagrams for X n (P n (K)) and X . and V 0 (Q) along a torus T . As verified in Snappy and Sage [12, 55] , V 0 (P ) ∼ = V 0 (Q) is hyperbolic; see [18] for documentation. Hence V 0 (P ) is a nontrivial JSJ piece of Y and is unique in the JSJ decomposition by hypothesis. It follows that φ can be isotoped so that
Let µ ⊂ ∂E be the curve corresponding to a meridian of K ⊂ S 3 . Since µ is the unique curve in ∂E that is nullhomologous in E , we may assume φ| E (µ) = µ. By filling ∂E along µ, we may extend φ| E to a homeomorphism φ : S 1 × S 2 → S 1 × S 2 . The filled solid torus is naturally identified with a neighborhood of the knot K ⊂ S 3 0 (C) = S 1 × S 2 induced by K ⊂ S 3 \ C , hence φ actually gives a homeomorphism of the pair (S 1 × S 2 , K). Let γ ⊂ S 1 × S 2 denote the image of γ under the inclusion E → S 3 0 (C) = S 1 × S 2 . Up to isotopy, all homeomorphisms of S 1 × S 2 send S 1 × {pt} to itself [17] . Since γ is isotopic to S 1 × {pt}, we see that φ(γ) = S 1 × {pt}.
We claim this implies that the 2-handle of X attached along φ(γ) can be canceled with the 1-handle of X . Diagrammatically, the isotopy from φ(γ) to S 1 × {pt} can be realized by sequence of Reidemeister moves and slides of φ(γ) across the 1-handle of X that carries φ(γ) to a meridian of the dotted curve C . Moreover, since we may drag the neighborhood N (K) through this isotopy of φ(γ), the isotopy of φ(γ) induces an isotopy of φ(γ) in the handlebody diagram for X . In particular, it follows that the 2-handle attached along φ(γ) can be canceled with the 1-handle corresponding to the dotted circle C , thus X is the trace of some knot J in S 3 . Moreover, since X has the same intersection form as X n (P (K)), we know that X is the n-trace of J .
The n-framed knot J ⊂ S 3 can be viewed as the image of the 0-framed knot Q ⊂ V after embedding V into N (K) ⊂ S 3 0 (C) = S 1 × S 2 and performing surgery on the framed knot φ(γ) ⊂ S 3 0 (C) = S 1 × S 2 . Since φ(γ) is disjoint from the image of V in S 3 0 (C) = S 1 × S 2 , it follows that J is a satellite knot with (possibly twisted) pattern Q. The companion knot K ⊂ S 3 for the satellite J can be viewed as the image of K ⊂ S 3 0 (C) = S 1 × S 2 after surgery on φ(γ). Recall from above that the map φ induces a homeomorphism of the pair (S 1 × S 2 , K). By performing surgeries on the framed knots γ and φ(γ) in S 1 × S 2 , we can extend φ to a homeomorphism between the pairs (S 3 , K) and (S 3 , K ). That is, the satellite knot J has companion K . Since the n-framed pushoff of J in S 3 must agree with the image of the 0-framed pushoff of Q ⊂ V , we must identify S 1 × {pt} ⊂ ∂V with the n-framed pushoff of K in ∂N (K). Hence J is the satellite Q n (K).
Obstructing diffeomorphisms of knot traces and Mazur manifolds
Here we establish Theorem 1.1; the proof uses the trace invariance of ν (Theorem 1.4), which is proved in §4. The key technical result of this section, Theorem 2.11, relies on the concordance invariants ν [44] , τ [41] , and [21] defined via knot Floer homology. For definitions and discussion of these invariants, we recommend Hom's survey [22] ; here we simply collect the properties used in the proof of Theorem 2.11. The invariants τ and ν are integer-valued, and takes values in the set {−1, 0, 1}. They are related as follows:
•
These cases are exhaustive, and when (K) = 0, we have τ (K) = ν(K) = ν(−K) = 0. In [31] , Levine gives a formula for τ (P (K)) and (P (K)) in terms of τ (K) and (K):
This determines an analogous formula for ν , whose proof is left to the reader.
We will also use the following twist inequality for ν , whose proof is given in §4.
Proposition 2.10 Suppose K and J are knots in S 3 and J is obtained from K by adding a positive full twist about algebraically 1 strands. Then ν(J) ≤ ν(K).
Here "twisting about algebraically 1 strands" means that we find an oriented disk D embedded in S 3 that intersects K transversely in algebraically ±1 point, then we replace the trivial braid K ∩ (D × [−ε, ε]) by a full positive twist.
Theorem 2.11 For any knot K ⊂ S 3 with ν(K) = τ (K) > 0 and any integer n ≤ 0, the knot traces X n (P n (K)) and X n (Q n (K)) are homeomorphic but not diffeomorphic.
On the other hand, we have ν(P n (K)) ≥ ν(P (K)) by Proposition 2.10 and the hypothesis n ≤ 0, and ν(P (K)) = ν(K) + 1 by Corollary 2.9. Since ν(P n (K)) = ν(Q n (K)) and ν(P n (K)) > 1, Theorem 1.4 implies that the traces X n (P n (K)) and X n (Q n (K)) are not diffeomorphic.
These ingredients can now be assembled to produce exotic pairs of Mazur manifolds.
Proof of Theorem 1.1 We begin by constructing an infinite family of links L m = K m ∪C satisfying the hypotheses preceding Theorem 2.7, with the additional property that ν( 
It remains to check that L m = K m ∪ C satisfies the hypotheses preceding Theorem 2.7. We begin with K 1 ∪ C : Using SnapPy and Sage [12, 55] , we may verify that [18] for documentation regarding these calculations.)
To address K m with m > 1, consider the link K ∪ C ∪ α. Using SnapPy and Sage, we may verify that
Thurston's hyperbolic Dehn surgery theorem [56] and [38, Theorem 1A] , there exists N > 0 such that for m > N , the result of −1/(m − 1)-surgery on α ⊂ S 3 0 (C) \ K is hyperbolic and its volume increases monotonically with m, converging to vol(
This shows that all but finitely many of the links L m = K m ∪ C satisfy both the hypotheses preceding Theorem 2.7 and ν(K m ) = τ (K m ) = m > 0. Applying Theorem 2.7 and Theorem 2.11, we conclude that for all n ≤ 0 the corresponding family of Mazur manifolds W Lm,n and W Lm,n contains infinitely many distinct exotic pairs.
Property R and integer homology spheres
We now deduce Corollary 1.3 from Theorem 1.1, aided by a simple lemma.
Proof For any knot J , we let µ J denote the meridian to J and let N (J) denote an open tubular neighborhood of J . Note that, under the natural identifications
By extending this over the Dehn fillings along µ k and µ k , we obtain a diffeomorphism from M to itself carrying k to k and λ k to λ k .
Proof of Corollary 1.3 Let Y bound a pair of exotic Mazur manifolds W and W each obtained from attaching a 2-handle along knot k (resp k ) in S 1 × S 2 which generates H 1 (S 1 × S 2 ) with framing λ k (resp λ k ). Let K, K ⊂ Y denote the surgery duals to k, k ⊂ S 1 × S 2 , and let λ K and λ K be the dual surgery framings of K and
For the sake of contradiction, suppose there exists a diffeomorphism of
This diffeomorphism then extends to the Mazur manifolds W and W obtained by attaching 2-handles to S 1 ×B 3 along (k, λ k ) and (k , λ k ), respectively, yielding a contradiction.
Two related questions naturally arise: Which integer homology spheres admit an S 1 × S 2 surgery? And are there integer homology spheres other than S 3 that admit a unique S 1 ×S 2 surgery? As a first step we answer these questions for L-spaces. Recall that a rational homology 3-sphere Y is called an L-space if, for every spin c structure s on Y , HF (Y, s) has rank one.
It has been conjectured that the only integral homology sphere L-spaces are S 3 and the Poincaré homology sphere; see [19] . The following quick verification of this conjecture among homology spheres that bound Mazur manifolds also answers our questions for L-spaces, and has been observed independently by Conway and Tosun [11] . As observed by Conway and Tosun [11] , this gives an alternative to Gabai's proof of Property R: Indeed, if a knot K in an L-space Y admits a surgery to S 1 ×S 2 , then the above argument shows that Y = S 3 and that the surgery dual to K is S 1 × {pt} ⊂ S 1 × S 2 . Applying Lemma 3.1, we conclude that K ⊂ S 3 is the unknot.
Knot trace invariants and knot Floer homology
This section develops the Floer-theoretic input for our main results; our first objectives are to complete the two remaining steps in the proof of Theorem 1.1: the trace invariance of ν ( §4.1) and the twist inequality for ν ( §4.2). In §4.3, we discuss other concordance invariants derived from knot Floer homology and prove Theorem 1.5.
Knot trace invariance of ν
Our main technical tool in the proof of Theorem 1.4 is the mapping cone formula for Heegaard Floer homology of 3-manifolds arising by surgery on a knot; in particular we will rely on the fact that a certain map in the homology exact triangle of the mapping cone corresponds to the map induced in Heegaard Floer homology by a surgery cobordism. We give some details; a full exposition can be found in [43] .
To a knot K ⊂ S 3 we can associate a sequence of (Heegaard Floer) chain complexes {A s , s ∈ Z} over the field F = Z/2Z, which are described loosely as the "hook" complexes {max{i, j − s} = 0} (these are subquotients of the filtered knot Floer chain complex CF K ∞ ). For each s we let B s = {i = 0}, which is just the complex CF (S 3 ) (with the filtration given by the knot). We have:
• For each s, the homology of B s is HF (S 3 ) = F.
• For |s| sufficiently large, H * (A s ) is also F: for s 0 in fact A s = B s , while for s 0 we have A s = {j = s}, which is chain homotopic to B s .
• For each s there are natural quotients-followed-by-inclusions v s : A s → {i = 0} = B s and h s : A s → {j = s} B s . Here " " indicates chain homotopy equivalence; since we are concerned only with maps on homology and the isomorphism H * {j = s} ∼ = H * (B s ) ∼ = F is unique, we need no additional information about the equivalence. If s is sufficiently large then v s is an isomorphism while h s is 0, and if s is sufficiently negative then v s = 0 while h s is an isomorphism.
• In fact, we have that v s is surjective in homology if and only if the same is true of h −s , and moreover if v s is surjective for some s then so is v s for all s > s.
By definition, ν(K) is the smallest value of s for which v s is surjective in homology.
Now fix an integer n. We define a linear map D n :
A s (where the first entry indicates the summand in which x lies), then D n (s, x) = (s, v s (x)) + (s + n, h s (x)). Diagrammatically, D n is given by the arrows below:
(1)
Here each A s is the source of both a vertical and diagonal arrow (and the diagonals go to the left if n < 0).
The mapping cone of the chain map D n is written X n , and it is known [43] that the homology of X n is isomorphic to the Heegaard Floer homology HF (S 3 n (K)). Observe that there are natural chain maps (inclusions) B s → X n for each s, whose maps in homology correspond under this isomorphism to maps HF (S 3 ) → HF (S 3 n (K)). Ozsváth and Szabó showed that under the quasi-isomorphism between X n and CF (S 3 n (K)) the map in homology induced by the inclusion of B s into the mapping cone corresponds to the map HF (S 3 ) → HF (S 3 n (K)) induced by the surgery cobordism X n : S 3 → S 3 n (K), equipped with the spin c structure s s characterized by the property
The following is a trivial adaptation of [35, Lemma 4.2] . Note that under the conditions of the lemma, we also have
Proposition 4.2 Let K ⊂ S 3 be a knot and n a fixed integer, and let s be a spin c structure on the cobordism X n (K), inducing the map Proof The map induced by a spin c structure s on X n (K) is given by the inclusion of B s into the mapping cone, where s =
which means that the homology of B s is not in the image of any v k or h k . Hence its homology survives in the homology of the mapping cone, giving that the corresponding cobordism map is nontrivial. Finally consider the last case in the statement, where s = ν(K) (after conjugating if necessary). By the argument in the previous paragraph, if (K) = 0 then the induced map is trivial. Suppose (K) = 0 and n > 0: we claim the induced map H * (B 0 ) → H * (X n ) is still trivial. Let x 0 be the generator of H * (B 0 ) = F. Since ν(K) = 0, there exists y 0 ∈ H * (A 0 ) with v 0 (y 0 ) = x 0 . By Lemma 4.1 the image h 0 (y 0 ) = x n ∈ H * (B n ) is nonzero, and since n > 0 we know v n maps H * (A n ) onto H * (B n ). Moreover, the map h n :
is trivial because ν(K) = 0, so for any y n ∈ H * (A n ) such that v n (y n ) = x n , we have
To complete the proof we must show that if (K) = 0 and n ≤ 0 then H * (B 0 ) → H * (X n ) is nonzero. Let x 0 be the generator of H * (B 0 ) as before, and assume n < 0. Then x 0 is in the image of v 0 but not of h −n (which is the zero map since −n > −ν(K) = 0). For any y 0 ∈ H * (A 0 ) with v 0 (y 0 ) = x 0 , we have h 0 (y 0 ) = x n = 0 ∈ H * (B n ), by Lemma 4.1.
Moreover, x n is not in the image of v n , since the latter is the zero map. It follows that for any nonzero element of the image of D n , if the component in H * (B 0 ) is nontrivial then so is the component in H * (B n ), and in particular H * (B 0 ) ∩ im(D n ) = 0. Hence the induced map is nontrivial when n < 0, as desired. Finally if n = 0, the complex X n splits, and the subcomplex containing B 0 consists of the cone on the map v 0 + h 0 : A 0 → B 0 . By Lemma 4.1 this sum vanishes in F-coefficient homology, so the inclusion of H * (B 0 ) is nontrivial.
We will use F s to denote the map F s in spin c structure s s with c 1 (s s ), σ + n = 2s. Proposition 4.2 demonstrates that the set of values s ∈ Z with F s = 0 is a (possibly empty) interval of integers centered at n/2. If this set is nonempty, we denote its maximum by s max (else we say s max is not defined).
with ν(K) = s max if and only if (K) = ν(K) = 0 and n ≤ 0.
Proof Suppose the maps F s are trivial for all s ∈ Z. Proof of Theorem 1.4 Our proof proceeds in two steps: When n ≥ 0, we show that the oriented knot trace X = X n (K) determines ν(K); when n < 0, we show that either X determines ν(K) or ν(K) ∈ {0, 1}.
To begin, observe that the integers n and s max are determined by the oriented manifold X . In addition, X determines its orientation reversal −X ∼ = X −n (−K). We denote spin c structures on −X by s and their corresponding labels determined by (2) by s ∈ Z. As above, we denote the largest s with F −X,s nonzero by s max . We will extract information about ν(K) and | (K)| from the triple of integers n, s max , and s max .
First, suppose n ≥ 0. We begin with the case in which X admits at least one spin c structure inducing a nontrivial map: in this case the proof amounts to deciding which of the two possibilities allowed by (3) hold. From the last line of Corollary 4.3, if n > 0 or s max = 0, then ν(K) = s max + 1. In this case it also follows that (K) = 0.
On the other hand, if s max = 0 and n = 0, then either (K) = ν(K) = s max = 0 or (K) = 0 and ν(K) = s max + 1 = 1. We claim that the possibilities (K) = 0 and (K) = 0 can be distinguished by considering s max . If (K) = 0, then (−K) = 0 and ν(−K) = 0. Since n = ν(−K) = 0, it follows from Proposition 4.2(3) that s max = 0, in particular s max is defined. Otherwise, if (K) = 0 then (−K) = 0 and ν(−K) = 0, in which case Proposition 4.2 implies that there are no spin c structures on −X inducing nontrivial maps, i.e. s max is undefined. Summarizing, we find that if s max = 0 and n = 0, then ν(K) = 0 if s max is defined (and in this case (K) = 0), and otherwise ν(K) = 1 (and (K) = 0). Thus, ν(K) and | (K)| are determined by the invariants s max , s max and n associated to X n (K), as long as s max is defined.
We next consider the case in which −X ∼ = X −n (−K) admits at least one spin c structure inducing a nontrivial map, i.e. Finally, consider the case in which neither X nor −X admits spin c structures inducing nontrivial maps. First, we claim that (K) = 0. Indeed, if (K) = 0 then ν(−K) = (−K) = 0 and therefore Proposition 4.2(3) implies that that the map induced by the spin c structure s on −X n (K) satisfying c 1 (s ), σ = n is nontrivial, a contradiction. Next, we claim that this case only arises if n is odd. Indeed, if n is even, then applying the first part of Corollary 4.3 to X and −X yields the bounds ν(K) ≤ n/2 and −ν(K) + 1 = ν(−K) ≤ −n/2, which combine to give n/2 + 1 ≤ ν(K) ≤ n/2, a contradiction. Thus we may assume n is odd. In this case, an analogous argument yields the inequality For n < 0, we may shift to considering the mirror −K . Since −n > 0, the preceding argument shows that −X = X −n (−K) determines ν(−K). Moreover, there is only one case in which we fail to determine | (−K)| and in this case ν(−K) = 0. When we can determine both ν(−K) and | (−K)|, we can determine ν(K) as well. In the exceptional case, since ν(−K) = 0, we must have that 0 ≤ ν(K) ≤ 1. It follows then that for a pair of knots K and K with X n (K) ∼ = X n (K ), we can only have ν(K) = ν(K ) if {ν(K), ν(K )} = {0, 1} and n < 0.
The information deduced in the preceding argument is summarized in the following table, in which information about X n (K) is listed on the left with corresponding deductions about ν(K) and | (K)| on the right. A numerical condition on s max or s max implicitly assumes the quantity is defined; an empty entry means no assumption is made.
We remark that the triple {n, s max , s max } is indeed insufficient to determine ν(K) in the case where we draw no conclusion. For example, the right-handed trefoil knot K has ν(K) = (K) = 1 and the figure-eight knot K has ν(K ) = (K ) = 0, but Lemma 4.2 shows that for any n < 0 both knots have s max = 0 and s max undefined. Indeed, the set of (Chern numbers of) spin c structures inducing nontrivial maps on X and −X for these two knots is the same. However we are unaware of any such examples having diffeomorphic n-traces. Therefore, it seems reasonable to conjecture that ν is a trace invariant for all framings. In fact, we can use the twist inequality for ν (stated as Proposition 2.10 and proved in the next subsection) to rule out potential counterexamples, as follows.
The primary construction used to produce pairs of knots with diffeomorphic traces is often called dualizable patterns, and was pioneered by Akbulut in [2] and developed by Lickorish in [32] . To the authors' knowledge, all pairs K, K in the literature with X n (K) ∼ = X n (K ) can be produced this way. We will not recall the construction here; for a recent treatment see [37, 47] . When this construction is used to produce a pair of knots K and K with diffeomorphic n-traces, then there exists a (dualizable) pattern P with P (U ) = K and a dual pattern P * with P * n (U ) = K and X m (P (U )) ∼ = X m (P * m (U )) for all m ∈ Z.
Proposition 4.4 For any n ∈ Z, if K and K have diffeomorphic n-traces constructed using dualizable patterns, then ν(K) = ν(K ).
Proof Let P be the dualizable pattern with P (U ) = K and P * n (U ) = K . Then X 0 (P (U )) ∼ = X 0 (P * (U )), so ν(P (U )) = ν(P * (U )) by Theorem 1.4. Further, X 0 (P * n (U )) ∼ = X 0 (P −n (U )) (cf. [37, Proposition 3.9]), so ν(P * n (U )) = ν(P −n (U )). If n ≥ 0 then using these identities together with the twist inequality we obtain
and similarly if n ≤ 0 then
A twist inequality for ν
Let Σ be a smooth surface with boundary embedded in a 4-manifold W having ∂W = S 3 , and such that b 1 (W ) = b + 2 (W ) = 0. Then Donaldson's theorem [13] shows that there is a basis e 1 , . . . , e n for H 2 (W ) such that with respect to the intersection pairing we have e i .e j = −δ ij . Writing [Σ] = s 1 · e 1 + s 2 · e 2 + · · · s n · e n , let |[Σ]| := n i=1 |s i | be the L 1 norm of Σ, which is independent of the choice of basis. We have the following adjunction-type inequality for this situation. . By removing (the interior of) a small tubular neighborhood of a point in the interior of D , we get a concordance A in W B 4 from K to U . This concordance n-frames K and 0-frames U . Let P denote the Mazur pattern, and define P to be the annulus P × I ⊂ S 1 × D 2 × I . Replacing the tubular neighborhood of A with this S 1 ×D 2 ×I and considering the inclusion of P , we get a concordance A in W B 4 from P n (K) to P (U ). Since P (U ) is slice, we can cap A off to a disk D in W with ∂(D ) = P n (K) 
Knot trace invariance of other concordance invariants
Many classical concordance invariants are determined by the 3-manifold obtained by zerosurgery on a knot, hence clearly give rise to zero-trace invariants. However, such invariants are not suited to detecting exotic zero-traces because homeomorphic traces have diffeomorphic boundary. The invariant ν is particularly well-suited to our application precisely because it is not a zero-surgery invariant, but is a zero-trace invariant.
It is straightforward to show that the concordance invariant ν + defined by Hom and Wu in [23] also has the property of being a zero-trace, but not zero-surgery, invariant; see Remark 4.10 below. However, one should not be too distressed to find that one's favorite concordance invariant is not a zero-trace invariant; concordance invariants which are not zero-trace invariants have the potential to yield refined slicing obstructions; see [46] . Several concordance invariants are already known not to be zero-trace invariants, including Rasmussen's s-invariant [47] and the d-invariants of a knot's branched double-cover [37] . We now provide examples demonstrating that τ and also fail to be zero-trace invariants. Proof of Theorem 1.5 Let X be the 4-manifold described by the Kirby diagram in Figure 6 . This diagram fits into the setup described in [47, Theorem 2.1], hence describes a pair of diffeomorphic knot traces X 0 (K) and X 0 (K ). Using the knot Floer homology calculator [54] , we find τ (K) = 1 and (K) = 1 versus τ (K ) = 0 and (K ) = −1; see [18] for documentation. The claim now follows by appealing to the equivalence between τ and τ and between and [40] .
Remark 4.9 (a) Using [51] , we calculate the Rasmussen invariants of K and K (with F 2 -coefficients) to be s(K) = 0 and s(K ) = 2; see [18] . (b) By tying a local knot into one of the 2-handles in the handlebody diagram of X shown above, one can easily produce additional examples. In particular, tying a right-handed trefoil into the blue 2-handle yields a pair of knots K and K with X 0 (K) ∼ = X 0 (K ), τ (K) = 2, and τ (K ) = 1.
Remark 4.10
We have focused exclusively on the "hat" flavor of Heegaard Floer theory for our results, but one may wonder if additional information can be obtained by considering other flavors. For example, Hom and Wu [23] studied an invariant ν + derived from the "plus" version of knot Floer homology (or equivalently formulated via the "minus" theory), and showed that for all knots
, where g 4 (K) is the slice genus of K in B 4 . Moreover, ν + is always nonnegative, and the inequality between ν and ν + can be arbitrarily large even when τ (K) and ν(K) are positive.
We do not undertake a detailed study of ν + as a trace invariant or shake genus bound here. However, we can make one easy observation in the case of zero-traces, as follows. It was observed by Rasmussen [50] that ν + can be characterized in terms of the zerosurgery cobordism; this is conveniently expressed in terms of the maps F − s : HF − (S 3 ) → HF − (S 3 0 (K); s) induced by the surgery cobordism X 0 (K). Here we use the same symbol for a spin c structure on X 0 (K) and its restriction to S 3 0 (K), since the former is determined by the latter. Recall that for any spin c 3-manifold (Y, s), the group HF − (Y, s) admits an endomorphism U , and the reduced subgroup HF − red (Y, s) is defined to be the kernel of U N for any sufficiently large N . Then it follows from the discussion in [50, Section 7] that
where σ is a generator of H 2 (X 0 (K)). (In the terminology of [50] ,
It follows immediately that ν + (K) is both a lower bound on zero-shake genus (by the adjunction inequality for maps in HF − ), and an invariant of the zero-trace (since the characterization above clearly depends only on the smooth structure of X 0 (K)). Since ν(P (K)) and ν(Q(K)) give sharp bounds on g 4 for K the right-handed trefoil, Proposition 2.2 and Hom and Wu's inequalities show that ν + is not a zero-surgery invariant. In addition, Hom and Wu's inequalities imply that τ and ν are lower bounds on the zero-shake genus, however, from this perspective the zero-trace invariance of ν is not clear.
Shake genus bounds from knot Floer homology
As mentioned in the introduction, an understanding of the genus function on surgery traces X n (K) has allowed much of the progress to date in the study of smooth structures on knot traces. Here we prove Theorem 1.6, that ν gives a lower bound on n-shake genus g n sh (K) for a certain range of n, where we recall that g n sh (K) is the minimum g such that there exists a smoothly embedded surface of genus g in X n (K) representing a generator of homology. Previously Celoria-Golla-Levine gave lower bounds on the zero-shake genus of K coming from certain Heegaard Floer correction terms [9] . Our theorem has the advantage that it applies to a broader range of framings and that ν is generally quite computable [40] .
The essential tool here is the adjunction inequality in Heegaard Floer theory for surfaces embedded in cobordisms. When the surface has nonnegative self-intersection this result is well-established in the literature, but the case of negative square is slightly more delicate. For the sake of a self-contained exposition, we give the statement we need here; it corrects Lemma 3.5 of [41] and slightly extends a similar correction in [49] .
Proposition 5.1 Let W be a compact oriented cobordism and S an embedded surface of genus g . If a spin c structure s induces a nonzero map on
Proof By the composition law for maps on Floer homology, together with a Künneth principle (cf. Hedden-Raoux [20] ), it suffices to consider the case that W is a neighborhood of S with a small ball removed. This neighborhood is a disk bundle over S of degree n = S · S , and has a handle description with 2g 1-handles and a single 2-handle attached along a nullhomologous knot K ⊂ # 2g S 1 × S 2 with framing n. We can describe K as the connected sum of g copies of the knot B ⊂ # 2 S 1 × S 2 given as one component of the Borromean rings after zero-framed surgery on the other two components (cf. [42, Section 9] and [43, Section 5.2]).
The Floer homology of Y = # 2g S 1 × S 2 is isomorphic to an exterior algebra on an Fvector space of dimension 2g that can be identified with H 1 (S; F), and the knot Floer homology of K is also identified with that exterior algebra. However, the Alexander grading on HF K(Y, K) is nontrivial:
Moreover, HF K(Y, K, j) is supported entirely in homological degree j . The (homology of the) complexes A s and B s can be described in these terms as well, since there are no higher differentials in the knot Floer complex for K [42] . We have:
and
where we have written Λ k (j) for the space Λ k H 1 (S) lying in homological degree j , and the symbols i and j in the decomposition above correspond to the (i, j) gradings on CF K ∞ . Observe that A s ∼ = B s when |s| ≥ g . Now, the 1-handles in W map the generator of HF (S 3 ) to the generator in top degree of HF (Y ), or equivalently to the generator of Λ 2g (g) of B s . Just as for knots in S 3 , the map induced by the 2-handle in W can be identified with the map induced by the inclusion of B s in the cone (1), and therefore we are interested in when the top-degree generator survives in the homology of the mapping cone. Now, it can be seen that v s corresponds to the projection of A s onto the first summand in the decomposition above followed by inclusion in B s as the obvious factor, while h s is given by projection onto the sum of the term j = s plus the second summand, followed by the is in the summand i = g + s.
• When s ≥ g , the top generator of A s is annihilated by h s except in the case s = g , and in this case h g (a top g ) is the bottom generator b bot s+n of B s+n .
• The lowest generator b bot s of B s is in the image of v s if and only if s ≥ −g , and in this case is the image of a generator a bot s in the summand corresponding to j = −g of (4). Moreover a bot s is in the kernel of h s unless s = −g . Studying the mapping cone in a manner just as in the proof of Proposition 4.2, we see that if −(g − 1) + n ≤ s ≤ g − 1 then the topmost generator of B s is not in the image of any maps in the cone and therefore its image is nonzero in HF (Y n (K)) under the corresponding cobordism map. If s ≥ g + 1 (resp. s ≤ −(g + 1) + n) then the top generator is the image under v s (resp. h s−n ) of a generator that is killed by h s (resp. v s−n ) and hence vanishes under the cobordism map. This proves the first claim of the proposition: the inclusion of the top generator of B s corresponds to the map associated to a spin c structure with c 1 (s), S + n = 2s, where n = S · S , hence the preceding shows the map is trivial if | c 1 (s), S | + S · S ≥ 2g + 2 (and nontrivial if the left side is ≤ 2g − 2). It follows that when n > −2g , the map in HF induced by W vanishes in the spin c structures corresponding to s = g and s = −g + n. Comparing with (2) this means we have vanishing when | c 1 (s), S | + S.S = 2g , so we get the desired stronger conclusion in this case.
One can also check that if n ≤ −2g the generators b top g and b
top
−g+n survive in the mapping cone, so the conclusion cannot be strengthened in general.
Proposition 5.2 Let K be a knot in S 3 .
(
Proof First assume that n < 2ν(K)−1. Proposition 4.2 shows that spin c structure s ν(K)−1 induces a nontrivial map F s . Then Proposition 5.1 implies that 2ν(K)−2−n+n ≤ 2g n sh (K) and the first claim follows. If we also assume that −2g n sh (K) < n then Proposition 5.1 gives the stronger implication that 2ν(K) − n + n ≤ 2g n sh (K), and we get the second claim. Now we will evaluate the case that n ≥ 0 and g n sh (K) = 0. Let S denote the sphere in X n (K) generating second homology. Let W n (K) denote the cobordism X n (K) \ N (S), where N (S) denotes an open tubular neighborhood of S . It is standard to check that W n (K) is an integer homology cobordism from S 3 n (U ) to S 3 n (K) in which the meridian of U is homologous to the meridian of K . Now consider U in the boundary of B 4 # n CP 2 ; U bounds a disk D such that Z := (B 4 # n CP 2 ) N (D) has boundary S 3 n (U ) and such that in the standard (2-handle) basis for H 2 (B 4 # n CP 2 ), D represents the (1, 1, . . . , 1) class. Form Z := Z ∪ W by identifying their S 3 n (U ) boundary components via any homeomorphism taking the meridian of U to the meridian of U . By construction, Z has the homology type of a slice disk exterior for K in B 4 # n CP 2 . Then, attaching a 0-framed 2-handle to Z along the meridian of K in S 3 n (K) yields a 4-manifold Z with S 3 boundary and the homology type of B 4 # n CP 2 in which K bounds a disk D such that in the inherited basis for H 2 (Z ), D represents the (1, 1, . . . , 1) class and such that D · D = −n. Finally, we appeal to Theorem 4.7, which implies ν(K) ≤ 0 = g n sh (K).
Proof of Theorem 1.6 First consider the case in which n = 0. If g 0 sh (K) = 0 this follows from Proposition 5.2(3). If g 0 sh (K) > 0 then either ν(K) ≤ 0 in which case the result is vacuously true, or ν(K) ≥ 1 in which case Proposition 5.2(2) applies. Now observe that if n ≤ 2ν(K) − 2 and n ≤ −2g n sh (K) then 2ν(K) − 2 ≤ 2g n sh (K) ≤ −n, where the first inequality follows from Proposition 5.2(1). Thus n ≤ 2 − 2ν(K). Therefore, by considering the contrapositive, we have that when 2 − 2ν(K) < n ≤ 2ν(K) − 2 we must have n > −2g n sh (K). Then Proposition 5.2(2) applies.
A quick application of Theorem 1.6 is a bound on the "classical invariants" of a Legendrian knot in the standard contact structure on S 3 . As this is incidental to the rest of our results we do not review all the terminology here, but bounds of this sort have played a central role in recent results on knot concordance and knot traces [10, 58] so we include it here.
Recall that for any Legendrian knot K in knot type K , we have the inequality
relating the Thurston-Bennequin number tb(K), rotation number rot(K), and the invariant τ (K) from knot Floer homology (see [48] ). The following corollary of Theorem 1.6 should be compared to the slice Bennequin inequality of [5, 33] and the shake-slice Bennequin inequality of Cochran-Ray [10] .
Corollary 5.3 Let K be any Legendrian representative of the knot type K in S 3 . For any
Indeed, since τ (K) ≤ ν(K), the statement follows from (5) and Proposition 5.2 (or Theorem 1.6 in the second statement). Note that the shake slice Bennequin inequality of CochranRay assumes n ≤ tb(K) − 1; from (5) this implies n ≤ 2ν(K) − 2, so the above extends the prior shake-slice Bennequin inequality.
Further examples
This section aims to point out some interesting examples that can be obtained with our techniques; as these examples do not directly inform our main results, we omit some details.
6.1.1 Exotic contractible Stein 4-manifolds. First, we produce pairs of exotic contractible Stein manifolds, which were not known to exist in [6] . Let K ∪C be a link satisfying the hypotheses preceding Theorem 2.7, and let k ⊂ S 1 × S 2 denote the knot induced by K in S 3 0 (C) = S 1 × S 2 . The knot k ⊂ S 1 × S 2 has a framing induced by the Seifert framing for K ⊂ S 3 and, as discussed in the beginning of §2.1, this induces framings on the satellite knots P (k), Q(k) ⊂ S 1 × S 2 .
Viewing S 1 × S 2 as the contact boundary of the Stein domain S 1 × B 3 , let tb(k) ∈ Z denote the maximal contact framing achieved by any Legendrian representative of k (as measured against the given framing on k ). As discussed in the proof of [58, Theorem 4.1], if tb(k) ≥ 1, then tb(P (k)), tb(Q(k)) ≥ 1. In this case, it follows that the Mazur manifolds W and W obtained by attaching 2-handles to S 1 × B 3 along the framed knots P (k) and Q(k) both admit Stein structures. By taking examples with ν(K) = τ (K) > 0, we obtain pairs of exotic Mazur manifolds that admit Stein structures.
Remark 6.1 While this paper was in preparation, Akbulut and Yildiz [7] produced examples of exotic contractible Stein manifolds using constructive methods from [6] . Their examples, like those of [6] , have more complicated handle structures.
Exotic
Mazur manifolds with unknotted 2-handles. Next, we outline a modification to the proof of Theorem 1.1 that allows the hypothesis τ (K) = ν(K) > 0 (of Section 2.3) to be weakened. In particular, this allows us to produce exotic pairs of Mazur manifolds whose handlebody diagrams have unknotted 2-handles. Such Mazur manifolds are of special interest since their boundaries naturally admit two Mazur fillings; either zero-surgery curve can serve as the (dotted) one-handle. The operation of interchanging these two fillings, called dot-zero surgery, is related to cork twisting and is of central interest in the exotica literature. When one of the manifolds W from this section is embedded in a 4-manifold X , it may be of interest to compare the manifolds obtained from X by either by dot-zero surgery on W or by replacing W with our (absolutely) exotic filling W . See Figure 7 for an example.
Let L = K ∪ C be a link satisfying the hypotheses preceding Theorem 2.7. Let us recall the notation and strategy from the proof of Theorem 2.7: Any diffeomorphism Φ between the associated Mazur manifolds W L and W L restricts to a diffeomorphism φ between their boundaries that carries a certain 0-framed curve γ ⊂ ∂W L to a framed curve γ = φ(γ) ⊂ ∂W L . Moreover, if we attach 2-handles to W L and W L along the framed knots γ and γ , respectively, we can extend the diffeomorphism between W L and W L to a diffeomorphism between the knot traces X 0 (P (K)) and X 0 (Q(K)). To obtain these knot traces, one repeatedly slides the 2-handle attached along P (K) or Q(K) over the 2-handle attached along γ or γ , respectively, until the former 2-handle no longer runs over the 1-handle. Then the 1-handle is canceled with the 2-handle attached along γ or γ , respectively.
Since the diffeomorphism φ carries the framed knot γ to the framed knot γ , we may assume that it carries a (framed) tubular neighborhood N of γ to a (framed) tubular neighborhood N of γ . Thus, if we tie a local knot J into γ inside N , it has the effect of locally tying J into γ inside N . By keeping track of these tubular neighborhoods N and N , the proof of Theorem 2.7 now shows that the 1-handles in W L and W L can still be canceled with these (locally-knotted) 2-handles attached along γ and γ . We argued in the proof of Theorem 2.7 that sliding the 2-handles attached along P (K) and Q(K) over the 2-handles attached along γ and γ returned knots P (K) and Q(K), respectively. Now that a local knot has been tied in γ and γ , the same argument can be modified to show slides instead yield knots P ( K(J)) and Q( K(J)), where K is the pattern induced by considering K in the complement of C .
With this modification of Theorem 2.7 in hand, let L = K ∪ C denote the link from Figure 7 and W L and W L the associated Mazur manifolds. In this case, it is easy to see that K induces a pattern K which is concordant in S 1 × D 2 × I to the core of the solid torus. Hence K(J) is concordant to J for any knot J . As above, for any knot J and any diffeomorphism between W L and W L , we obtain a diffeomorphism between the knot traces X 0 (P ( K(J))) and X 0 (Q( K(J))). To be concrete, let J be the the right-handed trefoil. Then τ ( K(J)) = τ (J) = 1 = ν(J) = ν( K(J)), so Theorem 2.11 implies that the traces X 0 (P ( K(J))) and X 0 (Q( K(J))) cannot be diffeomorphic. It follows that W L and W L are homeomorphic but not diffeomorphic.
6.1.3 Exotic Mazur manifolds with hyperbolic boundary. Let W n and W n be the 4-manifolds shown in Figure 8 . Note that both are Mazur manifolds since the blue 2-handle links one of the 1-handles geometrically once, and hence the pair can be canceled. A homeomorphism between W n and W n can be constructed in a manner analogous to the proof of Proposition 2.2, taking care to track the blue band that is linked with the green 2-handle. We claim that Y n = ∂W n = ∂W n is a hyperbolic 3-manifold with no nontrivial self-diffeomorphisms. To see this, note that Y n can be obtained from Y = Y 0 by performing −1/n-surgery on the knot α ⊂ Y indicated by the dashed circle in Figure 8 . Using SnapPy and Sage [12, 55] , we can verify that Y \ α is hyperbolic with no nontrivial self-diffeomorphisms. Therefore the same is true for Y n = Y −1/n (α) for |n| 0; see, for example, [14, Lemma 2.2].
By inspection, the given homeomorphism between W n and W n is seen to carry γ to γ , preserving 0-framings. For |n| 0, any diffeomorphism W n ∼ = W n must do the same (since there are no nontrivial self-diffeomorphisms of Y n ). Suppose such a diffeomorphism exists. Attaching 0-framed 2-handles along γ and γ yields a diffeomorphism between the knot traces X 0 (K n ) and X 0 (K n ) described by erasing the black 1-handles from Figure 8 and canceling the blue 2-handles with the remaining 1-handles. It is straightforward to see that these knots K n and K n are concordant to P (T 2,3 ) and Q(T 2,3 ), respectively, where T 2,3 denotes the right-handed trefoil. This implies that ν(K n ) = ν(P (T 2,3 )) = 2 and ν(K n ) = ν(Q(T 2,3 )) = 1, hence X 0 (K n ) and X 0 (K n ) cannot be diffeomorphic, a contradiction. It follows that W n and W n cannot be diffeomorphic.
Remark 6.2 For |n| 0, a similar argument shows that the knots K n and K n described above are hyperbolic. To the authors' knowledge, these provide the first examples of hyperbolic knots with exotic zero-traces.
Exotic knot traces without genus bounds.
The first examples of exotic nframed knot traces were given by Akbulut in [3] . To the authors' knowledge, these and all other examples of exotic knot traces in the literature can be distinguished by the shake genera of the knots K and K via the (shake-)slice Bennequin inequality. Similar results may be obtained using ν by applying Theorem 1.6 and Corollary 5.3. However, the invariant ν has the ability to distinguish between knot traces even when it fails to provide effective information about the shake genera of the knots. We illustrate this by constructing, for any n > 0, a pair of exotic knot traces X 0 (K), X 0 (K ) such that ν(K) = 2, ν(K ) = 1, yet g 0 sh (K), g 0 sh (K ) ≥ 2n. Begin by setting K 0 = T 2,5 #2T 2,3 # − T 2,3;2,5 , where T 2,3;2,5 denotes the (2, 5)-cable of T 2,3 , and then define K = P (P (# n K 0 )) and K = Q(P (# n K 0 )). To calculate ν , we work from the inside out, beginning with K 0 : By [23, Corollary 3.2], we have τ (K 0 ) = 0, ν(K 0 ) = 1, and σ(K 0 ) = −4. It follows that τ (# n K 0 ) = n·τ (K 0 ) = 0 and σ(# n K 0 ) = n·σ(K 0 ) = −4n. Since ν(K 0 ) = 1 and τ (K 0 ) = 0, we have (K 0 ) = −1, implying (# n K 0 ) = −1 (since is sign-additive under connected sum). Since (# n K 0 ) = −1, we have τ (P (# n K 0 )) = τ (# n K 0 ) + 1 = 1 and (P (# n K 0 )) = 1. This gives ν(P (# n K 0 )) = τ (P (# n K 0 )) = 1. Now since τ (P (# n K 0 )) > 0 and (P (# n K 0 )) = 1, we have ν(K) = ν(P (P (# n K 0 ))) = ν(P (# n K 0 )) + 1 = 2 ν(K ) = ν(Q(P (# n K 0 ))) = ν(P (# n K 0 )) = 1.
By Theorem 2.11, X 0 (K) and X 0 (K ) are homeomorphic but not diffeomorphic.
However, the bounds on g 0 sh (K) and g 0 sh (K ) provided by ν (as described in Theorem 1.6) are not sharp. To see this, we recall that the classical knot signature behaves nicely with respect to the satellite operation, see [52, 34] . In particular, for J any winding number 1 satellite operator, we have σ(J(K)) = σ(J(U )) + σ(K)
Therefore we have σ(K) = σ(K ) = σ(# n K 0 ) = −4n.
Applying the bound g 0 sh ≥ |σ|/2, a proof of which is sketched in [2] (based on [57] ), we conclude g 0 sh (K), g 0 sh (K ) ≥ 2n.
